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Vigorous convection in Earth’s core powers our global magnetic field, which has survived for over three
billion years. In this study, we calculate the rate of entropy production available to drive the dynamo
throughout geologic time using one-dimensional parameterizations of the evolution of Earth’s core and
mantle. To prevent a thermal catastrophe in models with realistic Urey ratios, we avoid the conventional
scaling for plate tectonics in favor of one featuring reduced convective vigor for hotter mantle. We
present multiple simulations that capture the effects of uncertainties in key parameters like the rheology
of the lower mantle and the overall thermal budget. Simple scaling laws imply that the heat flow
across the core/mantle boundary was elevated by less than a factor of two in the past relative to the
present. Another process like the precipitation of magnesium-bearing minerals is therefore required to
sustain convection prior to the nucleation of the inner core roughly one billion years ago, especially
given the recent, upward revision to the thermal conductivity of the core. Simulations that include
precipitation lack a dramatic increase in entropy production associated with the formation of the inner
core, complicating attempts to determine its age using paleomagnetic measurements of field intensity.
Because mantle dynamics impose strict limits on the amount of heat extracted from the core, we find
that the addition of radioactive isotopes like potassium-40 implies less entropy production today and in
the past. On terrestrial planets like Venus with more sluggish mantle convection, even precipitation of

elements like magnesium may not sustain a dynamo if cooling rates are too slow.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The dynamo created in Earth’s liquid outer core has survived for
billions of years. Paleomagnetic studies of unmetamorphosed rocks
with ages near 3.45 Gyr unambiguously show that the strength
of Earth’s global magnetic field at that time was at least half its
present-day value (e.g., Tarduno et al., 2010; Biggin et al., 2011).
No rocks of sufficiently low metamorphic grade have been found
from earlier epochs, so the question of whether our magnetic
field is even older remains unanswered. Recently, detrital zircon
crystals found in the Jack Hills of Western Australia were pro-
posed to record field intensities of modern magnitudes (Tarduno et
al,, 2015). These data are controversial, however, because zircon-
bearing rocks in the Jack Hills may have suffered pervasive re-
magnetization related to the emplacement of a nearby igneous
province (e.g., Weiss et al., 2015). In any case, how to power con-
vection in the core and thus a dynamo for the vast majority of
Earth’s history remains one of the most pressing puzzles in geo-
physics.
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Thermal convection in the core is possible if the heat flow
across the core/mantle boundary (CMB) exceeds the rate at which
heat is conducted along an adiabatic temperature gradient (e.g.,
Stevenson, 2003). Over the past few years, some theoretical calcu-
lations (e.g., de Koker et al., 2012; Pozzo et al., 2012) and diamond-
anvil cell experiments (e.g., Gomi et al., 2013; Seagle et al., 2013;
Ohta et al., 2016) have indicated that the thermal conductivity of
the core’s iron-rich alloy is a factor of two to three larger than
prior estimates. The conductive heat flux is ~10-15 TW at present
according to these new values. However, countervailing evidence
from high-pressure experiments that the previous, low values are
actually correct has also been presented recently, so debate over
this issue will likely continue (Kondpkova et al., 2016).

Cooling rates approaching twice the conductive heat flux have
been suggested as the minimum required to compensate for Ohmic
dissipation (e.g., Stelzer and Jackson, 2013). But this dissipation
mainly occurs at high harmonic degree and its scaling with dipole
field strength is uncertain. Since the dissipation due to the low
harmonics alone is far less than the actual heat flow, maintain-
ing the observed field with a heat flow only mildly in excess
of conduction along the adiabat is possible in principle. In any
case, the actual CMB heat flow of ~5-15 TW estimated from seis-
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mology and mineral physics (e.g., Lay et al., 2008) may be only
marginally sufficient to sustain the dynamo by thermal convection
alone. Fortunately, the dynamic chemistry of the core yields addi-
tional sources of energy.

The exclusion of light elements from the solidifying inner core
provides enough compositional buoyancy to drive convection to-
day. Once compositional buoyancy is present, the heat flow out of
the core need not exceed conduction along the adiabat (i.e., con-
vection can even carry heat downwards). In practice, models with
a growing inner core also benefit from the significant release of la-
tent heat and accordingly require less rapid cooling. Conventional
calculations have indicated that the inner core nucleated roughly
one billion years ago (e.g., Labrosse et al., 2001). The age of the
inner core is several hundred million years less in models with
increased CMB heat flow and thus faster cooling/freezing to accom-
modate the revised values for thermal conductivity (e.g., Nimmo,
2015; Labrosse, 2015).

The energy available for dissipation in dynamo generation dra-
matically increases once the inner core forms, which might imply
a larger magnetic field according to scaling laws where the buoy-
ancy flux determines the global field strength (e.g., Christensen,
2010). In some canonical models, the inner core thus prevents the
dynamo from turning off (e.g., Stevenson et al., 1983), but these
models do not explain the current total heat flow of Earth. Biggin
et al. (2015) claimed to observe an increase in Earth’s dipole mo-
ment associated with the formation of the inner core in the Meso-
proterozic. Given the relevant experimental and statistical uncer-
tainties, however, the available data are arguably consistent with
roughly constant field intensities throughout the Precambrian (e.g.,
Smirnov et al., 2016).

O'Rourke and Stevenson (2016) proposed the precipitation of
magnesium-bearing minerals as an alternative power source. One
or two weight percent of magnesium can partition into the core in
the high-temperature aftermath of giant impacts during Earth’s ac-
cretion according to earlier calculations (Wahl and Militzer, 2015)
and subsequent diamond-anvil cell experiments (Badro et al,
2016). Because its solubility in iron alloy is strongly-temperature
dependent, subsequent cooling quickly saturates the core in mag-
nesium. Elements like aluminum and calcium may have similar
thermodynamic properties (Badro et al., 2016), but their abun-
dances are relatively small. Transporting magnesium-rich oxide or
silicate across the CMB provides an order-of-magnitude more grav-
itational energy than freezing an equivalent mass of the inner core.
Precipitation drives vigorous, compositional convection before the
nucleation of the inner core, even without vastly higher CMB heat
flow than today. O'Rourke and Stevenson (2016), however, only cal-
culated the CMB heat flow implied by a constant rate of entropy
production for the dynamo. In reality, mantle dynamics control
CMB heat flow, so entropy production should vary over time.

The purpose of this paper is to describe simple models of
Earth’s thermal evolution that are consistent with the observed
longevity of the dynamo. First, we describe how we couple a
one-dimensional model of the core to simple scaling laws for
mantle dynamics. We next identify which parameters control the
amount of power available for the dynamo throughout geologic
time. Specifically, we focus on the rheology of the boundary layer
at the base of the mantle and the abundance of radioactive iso-
topes like potassium-40 in the core. After presenting representative
simulations, we discuss the limitations of our model for early Earth
history and the implications for other planets.

2. Theoretical formulation
In this section, we present a parametrized model for the cou-

pled evolution of Earth’s core and mantle. Fig. 1 shows the sim-
plified structure with which we calculate thermal histories. Key
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Fig. 1. Cartoon showing the assumed thermal structure of Earth and the key pa-
rameters tracked during simulations of Earth’s evolution. The temperature gradients
and vertical dimensions of each layer are not to scale.

Table 1
List of key parameters tracked during simulations of Earth’s thermal evolution and
their definitions.

Term Definition

Qum Heat flow from the mantle

QcmB Heat flow from the core

Qr Radiogenic heating in the core

Qs Secular cooling of the core

Qp Gravitational energy release from precipitation
Q¢ Gravitational energy release from the inner core
Q; Latent heat associated with the inner core

Hym Radiogenic heating in the convecting mantle
Tm Potential temperature of the mantle

Tp Basal temperature of the convecting mantle

Ty Temperature at the top of the stagnant layer
TcmB Temperature of the uppermost core

T; Temperature at the inner core boundary

R; Radius of the inner core

Ex Entropy production associated with conduction
Eg Entropy production available for the dynamo

model parameters are listed in Table 1. As in nearly all models of
core history for the past fifty years, we assume that the core is suf-
ficiently low viscosity that the convective state is extremely close
to an isentropic and homogeneous state, except in thin bound-
ary layers (e.g., Stevenson, 1987). Although most previous studies
(e.g., Stevenson et al.,, 1983; Buffett, 2002) only consider a ther-
mal boundary layer at the base of the mantle, we allow for the
existence of a stagnant layer that may not participate in convec-
tion because it is compositionally dense (Hernlund and McNamara,
2015), possibly the solidified remnant of a basal magma ocean
(e.g., Labrosse et al., 2007). The existence of this distinct chemical
layer could explain why the thermal excess associated with man-
tle plumes may be less than half the total temperature contrast
across the CMB (e.g., Farnetani, 1997). Because our primary focus
is how mantle dynamics affect the evolution of the core, we do not
model the dynamics of the crust and lithosphere in detail. Finally,
we present simulations that demonstrate the effects of varying key
parameters.
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Table 2

Values of parameters held fixed in our simulations. Other constants used to simulate
the evolution of the mantle and to calculate the terms in the energy and entropy
balances of the core were taken without modification from Korenaga (2006) and
Labrosse (2015) unless otherwise indicated. References: [1] Christensen (1985), [2]
Tang et al. (2014), [3] Korenaga (2005), and [4] Labrosse (2015).

Term Definition Value Units Ref.
Cum Specific heat capacity of 45x107 ] 1]
the mantle

km Thermal conductivity in 5 Wm~'K! 2]

the stagnant layer

ng(Tref)  Mantle viscosity at 2 x 10%! Pas [3]
reference temperature

Tref Reference temperature for 2500 K [3]
mantle viscosity

ke (0) Thermal conductivity at 163 Wm1K! [4]
the core’s center

Ly Length scale for density 8049 km [4]
profile in the core

Ap Constant for density 0.4835 [4]
profile in the core

Ax Constant for conductivity 2.39 [4]
profile in the core

dTy, /dP Liquidus slope at the inner 9 K GPa™! [4]

core boundary

2.1. Evolution of the mantle

The governing equation here is the global energy balance for
the mantle (e.g., Christensen, 1985):

ATy (t)

C
M= dr

=Hp) — Qum(t) + Qcmp(t), (1)

where Cy is the heat capacity of the entire mantle, Ty, is the po-
tential temperature of the mantle, Hy; is the radiogenic heating in
the convecting mantle, Q; is the heat flow out of the surface from
mantle convection, and Qcyp is heat flow across the core/man-
tle boundary. Heat-producing elements are partially sequestered in
the continental crust, so Hy, is less than the present-day heat pro-
duction of the bulk silicate Earth. Table 2 lists the values we adopt
for parameters like C; that are generally fixed in our simulations.

At present, how to calculate Qp remains quite controver-
sial. Conventional scalings for Qp assume that the mantle be-
haves like a simple convecting system in which hotter tempera-
ture yields an increased vigor of convection and thus heat flow.
But there is a well-known problem with these scalings that arises
when the convective Urey ratio, Ur(t) = Hp(t)/Qpm(t), is consid-
ered (Christensen, 1985). Integrating Eq. (1) backwards in time
yields unrealistically high values of Ty unless the present-day
Ur(tg) ~ 0.75. Robust geochemical constraints, however, imply that
Ur(tp) ~ 0.2 to 0.4 in reality (e.g., Korenaga, 2008; Lay et al., 2008).

Using the realistic Urey ratio in simulations of Earth’s evolution
produces a “thermal catastrophe” in which calculated mantle tem-
peratures before ~2-3 Ga rapidly exceed petrological constraints
(e.g., Herzberg et al., 2010). To avoid this problem, we calculate
Qu as a function of Ty following Korenaga (2006). This sim-
ple formulation is sufficient for the purposes of this study and is
consistent with fully dynamical models (e.g., Korenaga, 2010), es-
pecially considering uncertainties related to mantle hydration and
the scaling of bending dissipation for subducting plates (e.g., Rose
and Korenaga, 2011; Korenaga, 2011).

The properties of the thermal boundary layer at the base of
the mantle determine the core/mantle heat flow. We incorporate a
simple boundary-layer model resting on the assumption that con-
vective instability occurs once a local Rayleigh number reaches a
critical value. Thus, we calculate the value of Qcyp at any epoch
relative to the present (Buffett, 2002):

Wi

Qemp(t)) <Tu(f1) - mt]))% (nB[T(ro)]) o)

Qcma(to)  \ Ty(to) — Tr(to) nelT(t1)]

where T(t) = [Ty (t) + Tp(t)]/2 is the average temperature in the
thermal boundary layer. Assuming whole-mantle convection as in-
dicated by seismic tomography of slabs and plumes (e.g., van der
Hilst et al., 1997; French and Romanowicz, 2015), the temperature
at the base of the mantle scales as Tg(t1) = [Tm(t1)/Tm(to)]1T5 (to).
If convection in the mantle were layered, then Tg would increase
by the temperature contrast across the mid-mantle transition layer.
Hence, the estimated temperature contrast across the CMB would
decrease.

The effective viscosity of the thermal boundary layer is calcu-
lated as (Korenaga, 2005)

Hepr — Hegy
nB(T) = np(Tref) €Xp [ RT RTref] , (3)
where Heff is the activation enthalpy, R is the universal gas con-
stant, and 7 (Tref) is the reference viscosity, comparable to the
average viscosity of the lower mantle, at some reference temper-
ature Tpep. Typical values assumed for Hps are on the order of
~300 k] mol~!. But the rheology of the lower mantle is uncer-
tain enough that negative values are also possible, in which case
hotter material would have higher viscosity (e.g., Solomatov, 1996;
Korenaga, 2005).
Assuming the stagnant layer is in a steady state, the temper-
ature at the top of the stagnant layer is easily calculated (e.g.,
Turcotte and Schubert, 2002):

Qcmp (1 1
Ty=T -, 4
v cMB 47T](M (RC Rs) ( )

where Tcpp is the temperature at the top of the core, ky; is the
thermal conductivity of the lower mantle, and Rs = R¢ + ds is
the distance from the center of Earth to the top of the stagnant
layer. The effective thickness of the stagnant layer is ds. Small
changes to ds (<10 km) are degenerate with the slight decrease
in Ty caused by plausible rates of radiogenic heating in the stag-
nant layer, which we neglect.

2.2. Energetics of the core

The global energy balance for the core is (e.g., Labrosse, 2015):
Qcms=Qr+Qs+Qp+ Q¢ +Qy, (5)

where Qp is radiogenic heating and Qs is secular cooling. Grav-
itational energy associated with the precipitation of magnesium-
bearing minerals is Qp (e.g., Buffett et al., 2000; O’Rourke and
Stevenson, 2016). The final two terms are the gravitational energy
(Qg¢) and latent heat (Q;) associated with the growth of the inner
core. Note that the ohmic dissipation of the dynamo is not in-
cluded here, because such heating is both generated and dissipated
entirely within the core. Analytic expressions for all but one term
are available in Labrosse (2015), along with associated constants
like the density contrast at the inner core boundary and the slopes
of the liquidus and isentropic temperature gradients. We derive a
polynomial expression for Qp in the Appendix. In O'Rourke and
Stevenson (2016), we presented an expression for Q p compatible
with the formulation of Nimmo (2015). We use the fourth-order
expansion of Labrosse (2015) in this paper for a better match to
the density structure of the core from PREM and estimates of the
heat gradients at the top of the core.

We approximate the thermal conductivity within the core using
a quadratic polynomial (Labrosse, 2015):
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r2
ke (r) = ke (0) (1 - AkL—2> , (6)
p

where r is radial distance, L, is derived from the equation of state
for the liquid core alloy, and Ay is a constant. According to most
recent studies, the thermal conductivity at the center of the core
is kc(0) ~ 163 Wm~! K~! (e.g., Labrosse, 2015). But we run some
simulations using values as low as 40 Wm~" K~! (Konépkova et
al., 2016).

Each of the terms besides Qg are proportional to the cooling
rate of the core. That is,

dTcms
de

where (51- = Q;/(dTcpp/dt). The growth rate of the inner core
is simply proportional to the overall cooling rate as dR;/dt =
y1(dTcpp/dt). Here, we use a conversion factor (Nimmo, 2015):

=g () ®)
= iy dig ’
G — G5 \8piTcums

Qeme =Qr+ (Qs+Qp+ Q¢+ Qp)

(7)

where dT,,,/dP and dT,/dP are the slopes of the melting curve
and adiabatic temperature gradient, respectively, at the inner core
boundary. Likewise, T; and p; are the temperature and density at
the inner core boundary calculated from the adiabatic profiles in
Labrosse (2015).

Another equation expresses the conservation of entropy produc-
tion (e.g., Gubbins, 1977; Labrosse, 2015):

Qems Qr Qs Qp
=——+ -+ +Ek+Eg, (9)
Temvp Tp Ts Tg ¢

where Tg, Ts, and T are effective temperatures at which the re-
spective heat sources are dissipated. The entropy production rates
associated with conductive heat transport along the adiabatic tem-
perature gradient and ohmic dissipation are Ex and Eg4, respec-
tively.

Rearranging Eq. (7), the cooling rate of the core is

dTcmp Qcms — Qr

dt Qs+Qp+Qc+Qr
Combining Egs. (7) and (9), we finally calculate the entropy avail-
able to sustain the dynamo

_Qems  Qr (Q_‘_Q) dTcms
Ts Ty dt

¢ Temp  Tr

To sustain a dynamo, E; must of course be positive. Something
in the rather wide range of ~20-500 MW K~! is probably re-
quired, and the actual minimum value is poorly constrained be-
cause ohmic dissipation occurs at short length scales that are
difficult to simulate (e.g., Gubbins, 1977). We can estimate the
energy associated with ohmic dissipation as Qg4 = T¢Ey, where
T4 ~ 5000 K is some characteristic temperature of dissipation be-
tween Tcyp and the temperature at the inner core boundary
(Nimmo, 2015). The dissipation rate is an acceptable proxy for
magnetic field strength, although more complicated scaling laws
have been formulated (e.g., Christensen, 2010).

Only a portion of core formation occurred in the aftermath of
giant impacts. Since the equilibration temperature for most ma-
terial was <4500 K, the core was likely undersaturated in light
elements at first, assuming full mixing and an initially homo-
geneous core. Thus, precipitation of magnesium-bearing minerals
was delayed until after an initial episode of cooling (O'Rourke and
Stevenson, 2016; Badro et al.,, 2016). Once started, however, pre-
cipitation continues until the core is entirely depleted in light el-
ements. Here we assume that precipitation has been occurring for

(10)

E

— Ex. (11)

the entire length of our simulations, meaning that the core became
saturated within ~500 Myr after accretion.

Based on diamond-anvil cell experiments conducted at extreme
temperature/pressure conditions, Badro et al. (2016) determined
that pure MgO would precipitate at a rate Cy ~2.5 x 107> K~!
normalized to the total mass of the core. O'Rourke and Steven-
son (2016) included SiO, and FeO in the precipitate and did
not assume the core and mantle were in equilibrium after ac-
cretion, yielding a larger Cy &~ 5 x 107> K~!. These calculations
were based on extrapolations of earlier experiments conducted
at lower temperatures, but Badro et al. (2016) obtained roughly
consistent expressions for the relevant exchange coefficients. En-
tropic arguments suggest that the precipitate should include ev-
ery element present in the outer core. Because Mg is least sol-
uble, the precipitate is initially MgO-rich but contains increasing
amounts of SiO, as Tcyp decreases. The initial abundances of
each element—several combinations of which satisfy constraints
from seismology and mineral physics (e.g., Badro et al., 2014;
Fischer et al., 2015)—dictate the evolving composition of the pre-
cipitate. Given the myriad uncertainties, we use the intermediate
value Cy =4 x 1072 K~! for most simulations but also describe
the implications of higher or lower values.

If E4 is assumed to have been roughly constant throughout ge-
ologic time, then we can modify the above equations to calculate
the implied values of Qcyp and Tcepyp in the past (e.g., O'Rourke
and Stevenson, 2016). However, since mantle dynamics actually
control Qcpp and thus Tcpp as detailed above, using Eq. (11)
and a coupled model of core/mantle evolution is required to deter-
mine what scenarios are compatible with the observed longevity
of Earth’s dynamo.

2.3. Calculating thermochemical histories

Various observational constraints on the thermal budget of
Earth today are available. The total heat flux at the surface is
44 + 3 TW (Jaupart et al., 2007). Estimates of the present-day
heat production in the bulk silicate Earth range from 16 &3 TW
(Lyubetskaya and Korenaga, 2007) to ~20 TW (Jaupart et al., 2007).
Arguments from mineral physics and seismology have implied that
the core/mantle boundary heat flow is currently ~5 to 15 TW (e.g.,
Lay et al.,, 2008). With heat production in the continental crust es-
timated as ~6 to 8 TW (Jaupart et al., 2007), radiogenic heating in
the mantle is perhaps ~6 to 14 TW and reasonable values for the
mantle heat flux might be ~33 to 41 TW. Experiments on metal-
silicate partitioning suggest that the abundance of potassium in
the core is less than 200 ppm (e.g., Corgne et al., 2007), implying
that radiogenic heating in the core is <1.5 TW at present.

Absolute temperatures within Earth now are comparably uncer-
tain. Extrapolating temperatures of the relevant phase transitions
at the mantle’s transition zone down an adiabatic gradient im-
ply that the basal temperature of the mantle is ~2500 to 2800 K.
With a present-day temperature of ~4000 K at the top of the core
(Labrosse, 2015), the temperature contrast across the core/man-
tle boundary is ~1000 to 1800 K, much larger than the thermal
excess of <500 K attributed to mantle plumes (e.g., French and
Romanowicz, 2015). Note that this thermal excess may diminish
by a factor of roughly two as plumes ascend from the CMB to the
upper mantle. That is, a near-surface thermal excess of ~250 K
may imply a temperature difference of ~500 K across the thermal
boundary layer at the base of the mantle (e.g., Leng and Zhong,
2008).

Using the present as an “initial” condition, we can integrate
the equations presented above backwards in time to calculate a
thermochemical history of Earth. The present-day thermal budget
has significant uncertainties, but constraints on the state of the
mantle and core at the time that plate tectonics began are obvi-
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Fig. 2. Simulation of the thermal evolution of Earth with nominal initial conditions: kc(0) = 163 Wm~' K~!, Qu(to) =36 TW, Qcma(to) = 10 TW, Hp(to) = 10 TW,
Hefp =300 K] mol ™", ds =50 km, and [K] = 50 ppm. Magnesium-bearing minerals precipitate from the core at a rate of Cy =4 x 10~> K~'. (a) Heat budget of the mantle.
(b) Temperatures of the mantle and core. Contributions to the energy (c) and entropy (d) budgets of the core.

ously much weaker. This procedure may not reproduce the state of
the core and mantle throughout the Hadean because scaling laws
other than those presented above or more complicated numerical
simulations are required to model the aftermath of giant impacts,
the solidification of the primordial magma ocean, and any regime
of mantle dynamics that may have preceded plate tectonics. Ac-
cordingly, the primary utility of our approach is to reconstruct a
thermal history for the mantle consistent with geologic evidence
for the period when the geodynamo definitely existed.

In every simulation, we assume that Tp(tp) = 2800 K and that
continents grew to their modern size by 4 Ga. Using the adiabatic
temperature gradient for the core from Labrosse (2015) implies
that Tcyp ~ 4050 K given the present-day radius of the inner core,
R; = 1220 km. Unless otherwise indicated, we use the following set
of “nominal” parameters: Qp(to) =36 TW, Qcmp(to) = 10 TW,
Hp(to) =10 TW, Hepr =300 kimol~! and [K] = 50 ppm in the
core. With 8 TW of radiogenic heating in the continental crust in
this case, the present-day heat flow thus totals 44 TW. We also as-
sume that the effective thickness of the stagnant layer, ds = 50 km,
except when Qcpyp(to) is varied.

3. Results

Fig. 2 shows the results of the thermal evolution simulation
using our nominal parameters. With the rate of magnesium pre-
cipitation Cy =4 x 107> K~!' (normalized to the total mass of
the core), E4 > 500 MWK~! at all times. The entropy produc-
tion rises to maxima of ~670 and 630 MW K~! near 0.65 and
2.5 Ga, respectively, equivalent to ohmic dissipation rates of Qg ~
3.1-3.4 TW that are well above the minimum estimated to sus-
tain a dynamo (e.g., Nimmo, 2015). The age of the inner core is
~0.83 Ga, at which point Q; and Q¢ disappear and the entropy
production rate reaches a local minimum. At present day, the tem-
perature differences across the thermal boundary layer and the
adjacent stagnant layer are both ~600 K, which roughly matches
constraints on the thermal excess associated with mantle plumes

and the total temperature contrast across the core/mantle bound-
ary. For the entire simulation, the change in entropy content as-
sociated with thermal conduction is as large as the total entropy
production available for the dynamo (i.e., Ex &~ Eg). Precipitation
is critical to the operation of a dynamo before inner core nu-
cleation, even though Qp ~ 0.5Qs. That is, the contribution of
secular cooling to the total dissipation is penalized by a Carnot-
like efficiency term ~(Ts — Tcmp)/Tcmp relative to compositional
buoyancy from precipitation or the inner core (Nimmo, 2015;
Labrosse, 2015).

Fig. 3 illustrates the effects of varying the rate of magnesium
precipitation. Five simulations were performed with Cy; increasing
from 0 to 8 x 107> K~! in increments of 2 x 10~> K~!. Increas-
ing Cy yields increased entropy production rates, along with de-
creased Qcypp and Tcyp in the past. At least some precipitation
is required to maintain positive values of Ey before nucleation of
the inner core. Moreover, values of Cp; >4 x 107> K~ ! are pre-
ferred because E4 must be significantly larger than zero to sustain
a global magnetic field (e.g., Nimmo, 2015). Magnesium precipi-
tation notably limits the extent to which Ey, and thus presum-
ably the strength of Earth’s magnetic field recorded at the surface,
reaches a local minimum at the time of inner core nucleation.
That is, entropy production rates are roughly constant within ~10%
throughout geologic time in simulations with Cp >4 x 107> K1,

We repeated the simulations shown in Fig. 3 with the thermal
conductivity decreased from k¢ (0) = 163 to 40 Wm~! K~!. With
all other parameters held constant, Ex is the only term affected.
Thus, the evolution of Qcymp and Tcyp is unchanged, while Ey is
increased by ~400 MW K~! at all times. If the lowest estimates of
thermal conductivity are actually correct (Kondpkova et al., 2016),
then magnesium precipitation is not required to maintain positive
dissipation. However, at least Cpy =2 x 10> is still necessary to
unambiguously sustain a dynamo with E4 > 500 MWK at all
times.

Fig. 4 elucidates how varying the mantle heat flow affects the
evolution of the core. Simulations were performed with Q p(to)
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Fig. 3. Multiple simulations showing that increasing the precipitation rate of
magnesium-bearing minerals increases the entropy production for the dynamo (a)
and, relative to the present, decreases the implied temperatures of the core (b),
core/mantle heat flow (c) in the past.

varied from 32 to 40 TW to represent the uncertainties in the
thermal budget of Earth. In each of these simulations, Cy =4 x
107> K1, Hy(to) = 10 TW, and 8 TW of radiogenic heating is as-
sumed for the continental crust. Increasing Qp(tp) implies more
entropy production for the dynamo in the past, along with higher
values of both Qp and Ty. The effect on the dynamics of the
core, however, is relatively small compared to the uncertainties
centered on the other parameters described above. In these sim-
ulations, the present-day Urey ratio is ~0.3, increasing to ~1-1.2
at 4 Ga. However, using a high present-day Urey ratio (~0.75), to-
gether with conventional scaling laws for mantle dynamics, would
only marginally affect our results, at least during the few billion
years before the “thermal catastrophe” renders the mantle globally
molten.

Fig. 5 contains tests of the sensitivity of our simulations
to three additional parameters. Each simulation has Cy = 4 x
10~> K~! so that positive dissipation is maintained in most cases.
Decreasing Cp; to 2.5 x 107> K~! only lowers the estimated en-
tropy production rates by ~100 MWK~ at all times. Conventional
scalings have the viscosity of the lower mantle decreasing with
increasing temperature (e.g., Buffett, 2002). In this case, the CMB
heat flow is higher in the past. If Heps = 300 K] mol~!, the implied
value is almost 15 TW at 4 Ga for Qcymp(tp) = 10 TW. Attain-
ing more than twice the present-day CMB heat flow in the past

is difficult, requiring Hepr > 600 K] mol~! and the absence of any
compositionally-distinct, stagnant layer.

The rheology of the lower mantle is poorly constrained. If the
grain size-dependent part of diffusion creep dominates, then hot-
ter mantle may actually have higher viscosity (Solomatov, 1996;
Korenaga, 2005). In simulations with negative values of Hess, hot-
ter temperatures in the past would imply a thicker thermal bound-
ary layer at the base of the mantle, leading to inhibited Qcpusp
and thus a lower likelihood of sustaining a dynamo. With Hefr =
—300 kJmol ™', the viscosity contrast across the thermal bound-
ary layer is roughly one order of magnitude as long as a stagnant,
compositionally-distinct layer with ds =50 km is still present. If
Hess were even more negative, however, then the viscosity con-
trast may become large enough that the bottom portion of the
thermal boundary layer would itself stagnate, despite its composi-
tional homogeneity (e.g., Solomatov and Moresi, 2000). In this case,
calculating Qcymp is more complicated (Korenaga, 2005), and a
compositionally distinct layer is not required to explain the differ-
ent thermal excesses associated with the CMB and mantle plumes.

Rates of entropy production are very sensitive to the present-
day core/mantle heat flow. To maintain roughly equal differences
in temperature across the lower thermal boundary layer for the
simulations in Fig. 5, we vary ds from 72 km for Qcpp(tg) =5 TW
to 38 km for Qcmp(tp) =15 TW in equal increments of 12 km
per 5 TW. If Qcpp(to) is ~5 TW, at the lower end of modern es-
timates, then even Cy =5 x 1072 K~! is insufficient to sustain
positive dissipation. Without precipitation, Eg ~ 100-150 MW K1
before the inner core nucleates if Qcpp(to) =15 TW, [K] =0 ppm,
and H.sr = 300 kJmol~'. However, higher dissipation rates are
likely required to produce the present-day magnetic field strength
(Nimmo, 2015). Decreasing Qcpp(tp) implies that values of Qcpyp
are depressed by roughly the same amount in the past and also
that the inner core is older.

Increased abundances of potassium in the core imply lower
rates of ohmic dissipation in the past. This result may seem coun-
terintuitive because radiogenic heating is a positive source of en-
ergy and entropy—albeit an inefficient one because of another
Carnot-like efficiency term. Calculations that consider only the
thermal evolution of the core demonstrate that increased radioac-
tivity lowers the amount of secular cooling required to sustain a
dynamo and thus the temperature of the core in the past, but also
necessitates a higher core/mantle heat flow (e.g., Nimmo, 2015;
Labrosse, 2015; O’Rourke and Stevenson, 2016). There is no rea-
son, however, that Qcyp should increase because of radiogenic
heating in the core. In fact, the relatively slow cooling implied by
such heating tends to decrease Qcyp by lowering the temperature
contrast across the core/mantle boundary. Fundamentally, the rhe-
ology of the lower mantle governs Qcpp. Any given value of Qcpp
will yield more entropy for a dynamo if cooling causes inner core
growth or precipitation rather than just removing heat from the
decay of potassium or other radioactive isotopes of uranium and
thorium.

We also repeated these sensitivity tests using the lower bound
on thermal conductivity. With k¢ (0) =40 Wm~! K~!, positive dis-
sipation is always maintained for each value of Heff, Qcmap(to),
and [K] even absent precipitation. Low thermal conductivity also
permits Ey & 400 MWK~! when Qcmp(tp) =5 TW and Cy =
4 x 107> K~ If Qcmp(to) =5 TW with low thermal conductiv-
ity but no precipitation, then E4 ~ 100 MWK™! in the past and
rises to ~300 MW K~! when the inner core nucleates at ~1.4 Gyr
before today. Increasing Qcnsp(to) to 15 TW then yields ~500 and
1250 MW K~ of entropy production prior to and following the
nucleation of the inner core, respectively.
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4. Discussion
4.1. Earth’s initially hot state

The final stage of Earth’s formation featured a number of vi-
olent collisions, notably including the Moon-forming impact, that
would have at least partially melted the mantle (e.g., Rubie et al.,
2015). Even absent giant impacts, the gravitational energy associ-
ated with accretion is large enough to create temperatures in the
core and mantle much higher than those prevailing today. With-
out high temperatures at the time of core formation, insufficient
magnesium would partition into the core to provide an appre-

ndary.

ciable amount of compositional buoyancy during its later evo-
lution (Wahl and Militzer, 2015; O'Rourke and Stevenson, 2016;
Badro et al., 2016). If extrapolated backwards until the time of
Earth’s accretion, however, our scalings of plate tectonics predict
that the mantle was not much hotter than it is today. Efficient heat
loss from a vigorously convecting magma ocean must have actually
occurred after accretion. We have not explicitly included a period
of rapid cooling before the initiation of plate tectonics, so our sim-
ulations may not be representative of Earth’s earliest history.
Assuming that plate tectonics operated throughout the Protero-
zoic is quite reasonable (e.g., Korenaga, 2013), and our central goal
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is explaining how Earth sustained a dynamo throughout this eon.
Observational evidence for the operation of plate tectonics is lack-
ing for the same reason—a scarcity of rocks—that the existence
of a magnetic field in the deep past remains controversial. Cal-
culations in this paper and fully dynamical simulations using the
new scaling for plate tectonics suggest that the potential tempera-
ture of the mantle was ~1800 K at >3 Ga (Herzberg et al., 2010;
Korenaga, 2011). Crucially, this is within ~100 K of the potential
temperature necessary for a surface magma ocean (e.g., Rubie et
al., 2015), meaning that our simulations of plate tectonics should
smoothly connect with models that describe the solidification of a
magma ocean and possibly another, short-lived regime of mantle
convection (e.g., Moore and Webb, 2013).

A magma ocean extending from the surface through the tran-
sition zone to 660 km depth would have existed when the po-
tential temperature was ~2200-2300 K (e.g., Rubie et al., 2015).
Subsequently cooling the mantle by ~400 K over 1 Gyr, for ex-
ample, to the state when plate tectonics may have begun requires
Qum ~ 100 TW from the magma ocean, more than twice the heat
flow associated with solid-state convection. Of course, the actual
lifespan of the surface magma ocean, which could be much shorter
than 1 Gyr, is very uncertain (e.g., Solomatov, 2007). Additionally,
the temperature of the core may have decreased by ~1000 K or
more during the earliest phase of cooling after Earth’s “hot start.”
After this initial burst, a long-lived magma ocean at the base of
the mantle may have delayed the onset of the geodynamo. That is,
the core would not continue cooling below the liquidus temper-
ature of the mantle melt until the basal magma ocean solidified
(Labrosse et al., 2007). Discovering whether a global magnetic field
existed throughout the Archean and Hadean would provide critical
constraints on these processes.

4.2. Limitations of our modeling approach

Using one-dimensional scaling laws to describe the coupled
evolution of Earth’s core and mantle is computationally efficient
and allows for rapid sensitivity tests and description of first-order
phenomena (e.g., Stevenson et al., 1983; Christensen, 1985). Fu-
ture work, however, should address some shortcomings of our
approach. Parameterizations of core energetics coupled to fully dy-
namical simulations of the mantle (e.g., Nakagawa and Tackley,
2010) should include precipitation of magnesium-bearing minerals.
If CMB heat flow is sub-adiabatic and no compositional buoyancy
is available (e.g., before the nucleation of the inner core absent
precipitation), then additional equations are required to model the
dynamics in the presence of a thick, stable layer at the top of
the core since only part of the outer core would vigorously con-
vect (e.g., Labrosse, 2015). We have neglected this complication
because such scenarios are probably not compatible with the ob-
served longevity of the global magnetic field.

More importantly, the CMB is both spatially and temporally
heterogeneous in terms of composition and temperature. The stag-
nant layer in our models condenses vertical and lateral variations
such as the post-perovskite phase transition and double-crossings,
along with regions like large low-shear-wave-velocity provinces
and ultralow-velocity zones (e.g., Hernlund and McNamara, 2015).
The spatial variability of CMB heat flow caused by cold slabs, in
particular, may control the timing of geomagnetic reversals (e.g.,
Olson et al., 2013). Fluid motions associated with baroclinic insta-
bility can drive lateral transport of heat and assist the operation
of a dynamo. The associated entropy production, however, is likely
small because the effective temperature of dissipation is close to
that of the CMB, reducing its Carnot-like efficiency (e.g., Labrosse,
2015). Thus, we have not included any parameterization of this
process.

4.3. Implications for Venus

Spacecraft have constrained the magnetic moment on Venus
to less than 10~° times the terrestrial value (Phillips and Rus-
sell, 1987). Although its moment of inertia is presently unknown,
assuming that Venus has an iron-rich core like Earth seems rea-
sonable. Thermal evolution models imply that the core of Venus
would not have frozen completely solid (e.g., Stevenson et al.,
1983), but convection must have ceased in the liquid portion for
some reason. Jacobson et al. (2015) proposed that Venus did not
suffer a giant impact, in which case a stable stratification would
develop as the concentration of light elements in material added
to the top of the core increased with pressure/temperature con-
ditions during accretion. No giant impact also means no magne-
sium to precipitate and provide energy and entropy for the dy-
namo. Future work should consider estimates of the CMB heat flow
from, for example, thermal evolution models (e.g., Nimmo, 2002;
O'Rourke and Korenaga, 2015) and the buoyancy flux of mantle
plumes (e.g., Smrekar and Sotin, 2012). Estimates above the crit-
ical value required to drive a dynamo in a mostly isentropic and
homogeneous core would serve as evidence that the core of Venus
was indeed initially stratified.

5. Conclusions

Simple scalings for mantle dynamics, along with a parametrized
model for the energetics of the core, allow us to estimate how
much entropy has been available to sustain a dynamo throughout
geologic time. If the recent upward revision of the thermal conduc-
tivity of the core is correct, then the precipitation of magnesium-
bearing minerals at rates suggested by O'Rourke and Stevenson
(2016) and Badro et al. (2016) allows vigorous convection prior
to the nucleation of the inner core for most combinations of initial
conditions. Ongoing precipitation would produce positive rates of
entropy production for at least 3.45 Gyr as long as the abundance
of potassium is under ~200 ppm and the present-day CMB heat
flow is above ~5 TW. Because the minimum required heat flow
across the core/mantle boundary remains roughly constant, the
longevity of the magnetic field is compatible with a weak depen-
dence of mantle heat flow on temperature. Precipitation may yield
roughly constant rates of entropy production over time, meaning
that inner core’s formation may not create a dramatic increase
in field strength preserved in the paleomagnetic record. Similar
computational exercises are relevant to Venus and probably dif-
ferentiated “super-Earth” exoplanets.
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Appendix A. Derivation of Q p

The release of gravitational energy associated with the pre-
cipitation of magnesium-bearing minerals is easily defined if the
rate of precipitation is roughly constant (O’'Rourke and Stevenson,
2016)

dTcms
dt

Qp= —/P(T)W(T)ﬂMCM

o0

v, (A1)

where Cy is the fraction of the core’s mass precipitated per 1 K of
cooling and p is the density profile in the core. Since precipitation
only occurs out of the liquid portion of the core
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dT
Qp=-— /p(rW(r)dV—Mocw(R,) ﬁMCM%,
C

(A.2)
where O C refers to the outer core and R; is the radius of the inner
core.

The coefficient of compositional expansion associated with
magnesium precipitate is

_ 1 B_P)
Bm = p<3$ -

where & is the concentration of magnesium-rich material. As-
suming that the density change between the precipitate and the
residual core alloy is roughly equal to that across the core/man-
tle boundary, then By ~ 0.8. This value is probably only accurate
within several tens of percents, but our uncertainty about the
value of Cy; is much larger and degenerate.

The gravitational potential in the core relative to zero potential
at the CMB is

(A3)

R
2 32 Aprt
R =|ZrGpor?[1- —— -2 , A4
¥ (R) 37 CPo 02 7 (A4)
R¢

where pg is the central density and A, and L, are defined in
Labrosse (2015) based on the equation of state of liquid core alloy.
Since this and the density profile are both available as polynomials,
we can write an analytic equation

8 r 2 r
Qp=—BuCum gﬂchg ——T3+— 1+ = I

1 (A0 13), 1 (3 8Ap>r9 As)
12\ 72 " 7o ard \10 7 -
712\ 12 10 o4 \10 7
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